We study the performance of multiring-based optical filters in the presence of resonant frequency mismatch among the microrings induced by fabrication error, optical absorption, and nonlinear optical effects, as well as in the context of silicon-on-insulator technology. A general framework is developed to evaluate the worst-case impact of fabrication error and input power on the performance of a bandpass multiring optical filter with Butterworth response.
Introduction
Band-pass optical filters are among the most important components in almost all photonic systems, specifically optical communication and microwave photonic systems [1] - [5] . The performance of the optical filters (bandwidth, slope, insertion loss, flatness) plays a crucial role in the overall signal-tonoise ratio (SNR) and the bit error ratio (BER) of these systems [5] - [8] . During the past 10 years, multipole microring-based optical filters have emerged as a very promising technology for realization of integrated high-Q optical bandpass filters on a chip. Various material systems have been employed, and a plethora of multiring filter configurations have been proposed, demonstrated, and analyzed [9] - [16] . Significant effort has been focused on reducing the bandwidth and the size [14] - [16] , as well as making these filters tunable [17] , [18] . In a nutshell, the ultimate goal in the context of optical communication and microwave-photonics is to make a compact optical filter that has low insertion loss, narrow bandwidth, and top-hat pass-band with rapid out-of-band roll-off (pass-band tunability is also desired when possible). Independent of the material system and platform, as the quality factor of rings increases, rings are scaled down, and the number of rings are increased, resonant frequency mismatch (RFM) among the optical microring resonators (poles of the filter) becomes a major problem and significantly degrades the performance of the multiring filter. RFM results in ripple, insertion loss in the filter pass-band, reduction of the roll-off slope, and, in extreme cases, complete disintegration of the optical transfer function. In high-Q multiring filters, this issue has been resolved to certain level by reducing number of rings, controlling the resonant wavelength of each ring using thermal tuning [19] , [21] , and post-fabrication tuning [20] . Given the limitations on the optical quality factors of each ring, reducing the number of rings reduces the bandwidth and the slope of the filter below the requirement of modern WDM systems. Thermal tuning of individual ring response is a very difficult task and requires sophisticated algorithms [19] , [21] and accurate control using an electronic feedback that significantly increases the complexity, size, and overall power consumption of the system (essentially the filter becomes an active systems itself). Post-fabrication tuning techniques degrade the quality factor of the microrings and increase the cost and complexity of the fabrication process. Therefore, decreasing the fabrication error and understanding its impact seems to be the most practical solution to this problem. Essentially, one should employ the best available fabrication techniques and subsequently design the system based on the resulting filter response that might not be ideal. Even in the absence of fabrication uncertainties, RFM can be induced due to inherently uneven optical power distribution among the microrings. Study of power-induced RFM and its impact on the multiring filter transfer function has been ignored in almost all theoretical and experimental investigations. Only the impact of optical power on the performance of a single ring has been studied in the presence of nonlinear optical effects [22] , [23] .
To our knowledge, the impact of RFM on the filter performance has not been characterized, and the correlations among the parameter that control the transfer function of the filter have been analyzed only in the ideal regime (where all the poles are perfectly matched). Here, we explore important characteristics of the optical multiring filters that are affected by RFM (both fabrication and power induced). The primary objective of this study is to introduce a simple framework that serves as a guide for multiring optical filter design in the presence of constrains and limitations imposed by fabrication, material properties, and optical input power. We show that unless fabrication errors are reduced below the current values, improving the quality factor (Q-factor) of the individual ring will not decrease the filter bandwidth without increasing the insertion loss and ripple beyond the acceptable limit for WDM systems. Moreover, the characteristics of the desired transfer function impose limitations on the maximum input power to the system. This work lays the groundwork for further investigation and development theories for multiring optical filter design. Fig. 1(a) shows the schematic diagram of a multiring add-drop optical filter with N rings. 1 and N are the optical coupling coefficients between the waveguides and the first and last microrings. ij is the mutual coupling coefficient between ith and jth microring. The frequency spectrum of the output power of the drop port is determined by N, 1 , N and relation among ij 's [9] . We limit our study to the Butterworth (maximally flat) transfer function due to its widespread application in optical communication (WDM systems) radio frequency (RF)/microwave photonic systems and, in general, systems that require a low loss top-hat transfer function for wavelength selection in a dense spectrum. The flat response of this type of filter over its bandwidth is a desired quality for most applications where spectral fidelity across the filter pass-band is needed. Fig. 1(b) shows the schematic frequency spectrum of the power transferred to the drop port normalized to the input power ðP in Þ, T ¼ P drop =P in . The gray trace is the transfer function of an ideal maximally flat (Butterworth) multipole filter, and L Q is the insertion loss associated with the finite quality factor (the internal loss) of each microring. Here, we assume the evanescent optical couplings (microringmicroring and microring-waveguide) are lossless. The black trace represents the transfer function of the nonideal multipole filter where the resonant frequencies of the microrings are not perfectly matched. In the presence of mismatch (nonideal case), L m represents the average insertion loss, is the maximum value of the peak-to-valley of the corresponding ripples, and T m is the maximum power transferred to the drop port. The average dropped power or hT i ¼ ð2T m À Þ=2 can be used to define L m ¼ 1 À hT i, bandwidth, and the roll-off slope, i.e., the slope at hT i=2 (note that for the nonideal case, the slopes for the low-and high-frequency corners are different). We assume that the relations among coupling coefficients (that determine the shape of the transfer function) are the same for ideal and nonideal cases (adjusted for Butterworth response).
General Theory and Framework
We use the simple method developed in [9] and [10] based on coupled mode theory (CMT). It has been shown that this method is an efficient method for spectral analysis of multiring filters and is in good agreement with widely used finite-difference time-domain (FDTD) method [5] . Using CMT and the insertion loss method, the spectrum of the power transferred to the drop port of a multiring filter can be written as [6] 
where
where U d is the drop port optical field amplitude, and U in is the input optical field amplitude. 0 is the intrinsic decay time of each microring resonator, and 0 e and e are the external decay times due to microring-waveguide coupling. Here, we assume that all microrings have the same intrinsic quality factor Q 0 . ! is the optical input frequency, and ! i is the resonant frequency of the ith ring. ij 's are the normalized coupling coefficients and are related to the optical field coupling coefficients ('s) through [9] (a)
where v g is the group velocity inside the microring. All the waveguides and resonators discussed in this paper are assumed single mode, and coupling between normal polarizations has been ignored. In all calculations, we consider TE or TM polarization (and not mixed) for the input optical beam. Equation (1) can be used to calculate the spectrum of the drop port as a function of all filter parameters. Ideally, all ! i 's are equal, and the filter response is determined by the relation among ij 's. However, in a real multiring filter where ! i 's are not exactly equal (RFM), the filter response also depends on the magnitude and distribution of mismatches. Three different types of RFM can be identified in a multiring filter: fabrication induced, coupling induced, and power induced. Fabrication RFM in a filter is caused by fabrication errors/uncertainties that can be lithographic or etch related. In Section 3, we explore the impact of this type of RFM on the filter response. Coupling RFM is generated due to the coupling-induced resonance frequency shifts or the so-called loading effect of each ring by its neighbors. Depending on the quality factor of the rings, this effect may or may not degrade the filter performance. In the presence of a reliable fabrication method, this type of RFM can be avoided by a careful design and numerical simulation that take this effect into account [24] . The circulating optical power in each ring affects the effective refractive index of the optical mode and shifts its resonant frequency. Due to the difference among the circulating optical powers in different rings, this phenomenon can degrade the filter performance and generate a power-dependent transfer function. Section 4 is dedicated to a preliminary study of this effect and its impact on high-Q multiring filters.
Impact of Fabrication Induced RFM
Fabrication error is the main and unavoidable source of RFM in multiring optical filters. Several techniques have been developed to reduce RFM by improving the e-beam writing and etching accuracy [25] and adjusting the resonance frequencies after etching [20] . Given the current values of Q 0 ( 10 6 for silicon-on-insulator (SOI) microrings) these techniques may be used to produce an acceptable filter response for certain applications. However, as modern dense wavelength division multiplexing (DWDM) and microwave photonic systems push the constraints on the filter performance, filters with higher order ðNÞ and larger Q 0 (N 9 3 and Q 0 9 10 6 ) that are much more sensitive to RFM are needed. Therefore, even the current post fabrication techniques may not be enough to make filters for certain applications. In any case, it is necessary to develop a model for understanding the impact of fabrication error on filter behavior, both qualitatively and quantitatively. Given a certain fabrication error and maximum adjustment possible with a post fabrication method, the model can be used to predict the worst-case response and avoid unnecessary investment and effort when the filter function cannot satisfy the system requirements.
Here, we study the effect of RFM on the response of multiring filter and identify the main factors that have to be considered for designing multiring filter based on a specific technology. Although our analysis is general, wherever needed, we use SOI as the platform due to its compatibility with a complementary metal-oxide semiconductor process that makes it the preferred platform for future integrated optical systems. We ignore the coupling-induced resonant wavelength shift, and we assume all resonators are single mode at telecom wavelength (1550 nm or 200 THz). Fabricationinduced error affects the ring radius ðRÞ, ring width ðW Þ, and the coupling gaps (g). Fig. 2(a) shows the definition of each one these errors. Although the uncertainty of coupling gaps also degrades the filter response, considering the typical error in today's SOI fabrication technology (varying from subnanometer to 3 nm) [25] , [26] , coupling induced RFM is small compared with fabrication-induced RFM and is ignored in our discussion [19] . In the following section, we analyze the effect of fabrication-induced resonance mismatch of the resonators in the low power regime (no power induced RFM).
We define ¼ Á!=! 0 ¼ j R þ W j as the relative frequency mismatch between microrings, where R ¼ ÁR f =R 0 and W ¼ ÁW f =W 0 are the relative fabrication errors in microring radius and width, respectively [see Fig. 2(a) ]. R 0 , W 0 , and ! 0 , are the ideal (designed) microring radius, width, and resonant frequency. ÁR f and ÁW f are the maximum uncertainty in microring radius and width due to fabrication error. is the main parameter used to characterize the filter behavior. Note that while R ¼ À R (because ÁR f / ÀÁ!), the relation between W and W is not trivial and should be calculated using the effective refractive index as a function of waveguide width. Fig. 2(b À4 . The random distribution of the fabrication error among the rings degrades the filter response in a complex way that cannot be characterized without major simplification. The degradation manifests itself as the appearance of ripples ð 6 ¼ 0Þ and excess insertion loss in the pass-band as well as reduced roll-off slopes. For fixed values of ij 's Q 0 and N, the response parameters (i.e., , S and L m ) depend on each other, and here, we use (which is zero for the ideal case) as the main degradation factor. Due to random distribution of fabrication error among the microrings, an accurate analysis is very difficult and requires a large ensemble of experimental data and sophisticated statistical models. However, in order to study the overall impact and understand the interplay among different parameters, here, we simplify the problem by considering a more specific situation. We assume that one third of the rings have a radius of R 0 , one third a radius of R 0 þ ÁR f , and one third a radius of R 0 À ÁR f . Under this constraint and for a certain filter order, is maximized for specific permutation(s) among R 0 , R 0 þ ÁR f , and R 0 À ÁR f , and we call this distribution the worst-case distribution (WCD) for the corresponding and N. The evaluation of WCD for each N is not a trivial task; therefore, we limit our analysis to N ¼ 3 and N ¼ 6. Fig. 2(c) shows the WCD for N ¼ 6 and N ¼ 3. In all our calculations, we assume ¼ 1 ¼ 2 (symmetric coupling), and the relation between mutual coupling coefficients and is always set for Butterworth response in the absence of error ð ¼ 0Þ. Therefore, is the only tunable coupling parameter. Here, we use Q 0 =Q tot for the first ring as a normalized coupling parameter ð/ 2 =Q 0 Þ. Q tot is the loaded quality factor and is equal to 1=Q e þ 1=Q 0 , where Q e is the external quality factor for the first ring and is related to and 12 through Q e 2R! 0 =ð 2 v g þ 2 12 v g Þ (where v g is the group velocity inside the microring). In what follows, we explore the effect of filter parameters ðN; ; ; Q 0 Þ on the spectrum of the optical output power delivered to the drop port. Note that and Q 0 are defined by the fabrication limits. Fig. 3 is a schematic diagram showing the relation among filter parameters and the resulting transfer function. Fig. 4(a) shows the normalized ripple ð N ¼ =T m Þ plotted against for N ¼ 3 and N ¼ 6, as well as intrinsic quality factors from Q 0 ¼ 10 5 to 10 8 . Fig. 4(b) shows the insertion loss ðL m Þ plotted against for the same values of N and Q 0 . The coupling coefficients here are adjusted such that Q 0 =Q tot remains constant as Q 0 changes. In the absence of RFM ð ¼ 0Þ, a constant Q 0 =Q tot means constant insertion loss. Therefore, by keeping the value of Q 0 =Q tot fixed, one can isolate the impact of on insertion loss. The range for is chosen according to maximum error values ðÁR f Þ for current SOI technology [25] , [26] . The typical value for ÁR f varies from 0.1 nm to 3 nm, depending on the techniques and equipment used for fabrication. Currently, obtaining values below 1 nm increases the cost, time, and complexity of the process.
Using sophisticated techniques values as low as 26 pm for waveguide width has been achieved for silicon nitride microrings (corresponding to $ 4 Â 10 À6 ) [25] . As expected, a larger error translates to larger ripple and larger insertion loss. The modern WDM and DWDM communication systems require narrow bandwidth and low ripple filters. This has fueled the quest for achieving larger Q 0 s and fabricating higher order filters. These plots clearly show that increasing Q 0 and N make the insertion loss and ripple more sensitive to fabrication errors. In other words, in order to decrease the bandwidth and maintain a certain performance (ripple and insertion loss), one should also decrease the fabrication error; otherwise, the narrow bandwidth will have a loss and ripple penalty. Therefore, in contrast to an ideal filter where larger Q 0 for a fixed bandwidth translates to lower insertion loss [27] , in the presence of RFM, larger Q 0 has an insertion loss penalty, depending on the magnitude of ÁR f and ÁW f . The level of insertion loss and ripple that can be tolerated varies, depending on the specific system; however, insertion losses larger than 3 dB and normalized ripple values above 0.3 can severely degrade the performance of most systems (note that N and insertion loss are directly proportional). For N values larger than 0.5, effectively, the transfer function of the filter falls apart, resulting in large values of insertion loss.
For a given value of fabrication error, the insertion loss and ripple can be improved by increasing Q 0 =Q tot . However, this will have a negative impact on roll-off slope and bandwidth. Fig. 5 shows the impacts of coupling adjustment on these parameters for different Q 0 's and filter orders ðNÞ. (corresponding to ÁR f $ 0:1 nm). As mentioned before, in nonideal cases, the slopes of the high and low frequencies roll-off corners are different. Here, we use the smallest slope among these two (minimum slope: S m ) for characterization so that equal or better performance is guaranteed. Fig. 5(b) shows insertion loss plotted against Q 0 =Q tot for Q 0 ¼ 10 6 and different values of fabrication error ðÞ. In all calculations, WCD is considered. As shown in Fig. 5(c) , in the presence of fabrication error, the behavior of slope as a function of bandwidth is not monotonous, as opposed to the ideal case (where increasing Q 0 =Q tot always reduces the slope). Depending on the magnitude of the error and Q 0 , one may find an optimum value for coupling that maximizes the roll-off slope.
Impact of Input Power on Filter Performance
Even if the fabrication uncertainties are eliminated and all the microrings have exactly the same radius and width, the circulating optical power in the microrings may still cause thermal and nonlinear optical effects that degrade the optical transfer function of the filter and shift its center frequency. Usually, these effects are ignored in the calculation of the transmission spectrum of multiring filters by assuming that the effective refractive index of the optical mode inside each microring is independent of the circulating optical power. However, in practical applications, these effects cannot be ignored specifically as the demand for a narrow band top-hat filter pushes the Q-factors (and, therefore, the circulating power) of the individual rings to larger values. The power dependence of the effective refractive index has been studied for single microrings, and it has been shown that the dominant effects are the thermal and free carrier dispersion (FCD) [22] , [23] , and [28] .
In the case of a multiring filter, the power dependent behavior is significantly more complicated due to the nonuniform power distribution among the rings. In order to synthesize a specific filter response, the microrings are usually coupled differently, resulting in different loaded quality factors. Since the circulating optical power is proportional to the loaded-Q for each ring, the thermal drift due to optical power absorption varies among the microrings and degrades the filter performance through the following: 1) transfer function degradation due to RFM (similar to what is discussed in Section 3), 2) center frequency shift, and 3) temporal oscillatory variations. Fig. 6 summarizes the connection between these effects and the filter response. In the presence of circulating optical power, the effective refractive index of an optical microring resonator changes due to three major effects: 1) the thermo-optic effect, 2) the FCD effect, and 3) the Kerr effect (or two photon absorptionVTPA). The optical power is converted to heat by the lattice and free carriers (both intrinsic and those generated through TPA). Thus, resonant wavelength shift ðÁÞ can be written as
R 0 is the radius of the microring in the absence of optical power, dn=dT and n Kerr are the thermo-optic coefficient and the Kerr coefficient of the waveguide material, respectively, ÁT is the temperature change due to different absorption mechanisms, P c is the circulating power inside the microring, A is the cross-sectional area of the optical mode, ÁnðNÞ is the refractive index shift induced by FCD, and Á G represents the wavelength shift associated with thermal expansion. The temporal behavior of the temperature in quasi-steady regime can be described by [23] 
P 1ÀA and P 2ÀA are absorbed power through one and two photon absorption, respectively, C p and are the thermal capacity and density of the waveguide material, V is volume of the microring, and is the thermal dissipation coefficient. The total absorbed power can be estimated as
À18 N e þ 6:0 Â 10 À18 N h , where the N e and N h are the electron and hole density. I c and P c are the circulating optical intensity and power. The FCD of silicon is given by [29] Án ¼ À8: 8 Â 10 À22 N e À 8:
The power distribution for multiring add-drop filters can be written as [10] 
Here, ja i j 2 represents the energy stored in the ith ring, and r ¼ 2R=v g is the round trip time of the ring. , D, and U in are defined in Section 2. In the absence of fabrication-induced RFM, the resonant frequency of each microring can be written as
The general solution of equation system (7) for arbitrary N is very complicated. Here, in order to understand the overall impact of input power, we consider the simple case of a Butterworth SOI multiring filter with N ¼ 3. Using equation set (7), we calculate P ci 's and substitute them into (4) and (5) to calculate ÁT . Next, we use (6) to calculate ÁnðNÞ. In both cases, to calculate N e and N h , we assume the electron-hole pairs obey dN=dt ¼ P 2ÀA =ð2" h!V Þ À N= c , where c % 5:3 Â 10 7 sec/N is the carrier lifetime [28] . Note that Á G and the Kerr term are very small and can be ignored [28] . Finally, we substitute ÁT and Án into (3) to calculate ÁðÁP c Þ. For N ¼ 3, the loaded-Q for the first and third microrings is identical, while the second microring has a larger loaded-Q (and, therefore, larger P c ). By calculating the ! ri for each microring and using (1), we estimate the optical transfer function of the resulting optical filter at given input power. As shown in Fig. 7(a) , the P c spectrum of the microrings is not identical (here, Q 0 ¼ 10 6 , and P in ¼ 0:12 mW). At resonance, P c is the same for the first and third microring, while it increases (almost by a factor of two) in the second microring. Fig. 7(b) shows the temperature distribution in the interface between the microrings and the silica substrate, with CW input power at ! 0 (calculated using (4), (7), and finite element thermal modeling [31] ). Fig. 8(a) shows the original (solid line) and the perturbed (dashed-dotted line) transfer function associated with the temperature distribution shown in Fig. 7(b) . Clearly, in the presence of nonlinear and thermal effects, the transfer function will have a dynamic behavior that requires time-domain characterization. In other words, once the resonant frequencies change, the P c 's have to be recalculated, resulting in a recursive set of equations. Therefore, the transition shown in Fig. 8(a) is not a linear process. However, in the low-power regime, the process can be considered quasi-static, and in most applications, the approach described here is sufficient for the evaluation of power limitations. Considering the practical usage of bandpass multiring filters, we define the input power that results in a shift in the center frequency that is equal to 50% of the unperturbed bandwidth as the filter power limit ðP L Þ. Note that below P L , the transfer function is not completely disintegrated, and the center frequency is still a well-defined parameter. Above P L , due to the large amplitude of the temporal oscillations, the transfer function is useless as a bandpass filter. As shown in Fig. 8(a) , the thermal RFM degrades the insertion loss from À1.73 dB to À5.44 dB and the normalized ripple N from 0 to 0.55 and shifts the center frequency by $1:14 BW ðP in 9 P L Þ. Here, the power induced mismatch is equivalent to a of $2:35 Â 10 À5 . Equation (4) also shows that the thermal effect depends on microring size and quality factor (therefore is more significant for high-Q and very compact multiring filters). Fig. 8(b) shows P L plotted against microring radius for different Q 0 's. Clearly, there is a power penalty for increasing the optical quality of the microrings. Considering the minimum power requirement ðP min Þ for maintaining a certain level of signal-to-noise in an optical communication link, the filter power penalty imposes a serious constraint on filter bandwidth and insertion loss within the available dynamic range in order to maintain ðP min G P in G P L Þ.
Note that the power-induced RFM cannot be eliminated by taking the frequency shifts into account in the original design (for example, by adjusting the coupling factors). If one offsets the resonant frequency of the microrings with larger circulating power in the original design, those microrings are effectively eliminated from the filter chain at low power regime. Hypothetically, if the coupling coefficients could be adjusted in a time scale shorter than thermal time constants, one could push the filter to a local minimum. Clearly, such an approach is not an option for a passive filter. This is a manifestation of the bistable nature of the thermally induced dynamics in a multiring filter.
Conclusion
We have explored the impact of fabrication-induced RFM on the performance of multiring filters. By defining the error ratio and WCD, the effects of the fabrication parameters on third-and sixth-order Butterworth optical filter performance have been investigated. We have explored the impact of fabrication error on ripple and insertion loss for different intrinsic quality factors (Q 0 's) and couplingstrengths. The outcomes show that the fabrication error imposes a serious limit on Q 0 and filter order ðNÞ and, consequently, the minimum bandwidth and slope that can be achieved using current technology. In other words, the filter bandwidth and roll-off slope cannot be improved by increasing Q 0 and N, unless the fabrication error is decreased below its current value. Several approaches have been proposed and demonstrated for reducing fabrication induced RFM to a satisfactory level for current values of Q 0 ð3:6 Â 10 6 Þ [32] . However, the complexity and additional cost associated with these advanced techniques has kept them in the research labs. Moreover, the quest for ultranarrow filters (needed for next generation of DWDM systems) is pushing Q 0 to a regime ð9 10 7 Þ that, based on our analysis, requires accuracies beyond the best reported values for a reasonable filter performance, even at low orders.
Furthermore, we have analyzed the thermal and nonlinear effects of a third-order multiring filter due to input power in a quasi-steady state. The center frequency shift and RFM due to nonuniform power distribution have been investigated, and the power limits of Q 0 ¼ 10 6 ; 10 7 ; and 10 8 filters based on SOI have been estimated for different radii. To decrease the thermo/nonlinear effects and the resulting power dependence, materials with negative thermo-optic coefficient (such as PDMS) can be coated on the ring surface to compensate the refractive index shift [30] . However, for complete cancellation of the thermal shift, the thickness of this layer has to be controlled with high accuracy. Moreover, the coating degrades the overall optical quality factor of the microrings and, therefore, degrades the whole filter performance. As a result, the power limit of high-Q and very compact multiring filters should be carefully considered during the design.
In any application, once the characteristics of the transfer function are identified, our analysis serves as a guide to choose N, , and R for given values of , , and Q 0 (that are defined by the fabrication method). The simple framework introduced here also lays the groundwork for more general treatment and, eventually, development of accurate analytical tools that can reveal the limitations imposed on filter design by fabrication and power constraints.
